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ABSTRACT 

The phase- t rans i t ions  for a h a l f - f i l l e d  band can be 

numerically ca l cu la t ed  from the Hubbard Hamiltonian 

with an exponent ia l  i n t e r - s i t e  dependence of  the 

t r a n s f e r  i n t e g r a l .  Even for fou r  si tes w i t h  four 

e l e c t r o n s  t h e  r e s u l t s  compare very  w e l l  wi th  

experiments on s p i n  s u s c e p t i b i l i t i e s  and t h e  

i n t e n s i t i e s  of charge- t ransfer  absorp t ions .  

I n  a previous  paper  i n  t h i s  series (1) we showed, how 

t h e  4kF and t h e  2k - t r a n s i t i o n s  of a q u a r t e r - f i l l e d  band 

could be obtained from t h e  Hubbard Hamiltonian wi th  an 

exponent ia l  dependence on i n t e r s i t e  d i s t a n c e  o f  t h e  

t r a n s f e r - i n t e g r a l  as applied to  t h e  very simple system 

of  fou r  sites (on a r ing )  and t w o  e l ec t rons .  

F 

The r a t h e r  s u r p r i s i n g l y  good r e s u l t s  of t h i s  model 

encouraged us  t o  extend t h e  c a l c u l a t i o n  t o  h a l f - f i l l e d  

[ 1439]/49 
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504 14401 H. TH. JONKMAN and J. KOMMANDEUR 

bands i.e. i n  t h i s  case t o  a r i n g  of  four  sites with four 

electrons.  The Hamiltonian of t he  e l ec t ron ic  system is:  

+ 
H = -  c + UCn 

1Zm 

where the symbols have t h e i r  usual meaning. The i n t e r s i t e  

electron-phonon coupling i s  obtained by wri t ing 

where R i s  the i n t e r - s i t e  dis tance and C = Z ' / 2 a  where 

Z I  is the e f f ec t ive  nuclear charge and a the  Bohr radius.  

C thus measures the  steepness of t he  i n t e r - s i t e  t r a n s f e r  

interact ion.  

is wri t ten a s  

lm 0, 

0 

Neglecting la t t ice  entropy the  l a t t i c e  energy 

where B is a constant f o r  theBorn repulsion, n is a measure 

f o r  the steepness of it, and 6 i s  the dimensionless 

d i s to r t ion  o r  order parameter. From the  electronic  states 

E .  the  p a r t i t i o n  function i s  calculated:  
1 

Z = C g exp(- Ei(c)/kT) i i 

which is numerically evaluated as a function of 5 .  

5 = I A R I R  

the o r ig ina l  i n t e r - s i t e  distances R . The f r e e  energy of 

the system is formed from 

where AR i s  the shortening o r  lengthening of 
0, 

0 

F = -kTlnZ + Flat 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

1:
58

 2
1 

Fe
br

ua
ry

 2
01

3 



PHASE TRANSITIONS IN THE HUBBARD MODEL.,  . . . . . [1441]/51 

and i ts  minimum i s  found as a function of 5.  The parameters 

were again (1): CR = l o ,  n = 12 and a = 160 t (t is t h e  

value of t he  undistorted t r a n s f e r  i n t e g r a l ) .  
0 0 0  

A phase t r a n s i t i o n  i s  always obtained. Its behavior 

as a function of  u i s  given i n  f i g .  1. 

2. 

0 - 
\ 

I- 

1. 

kF 
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2 /U,  which decreases as U increases.  
0 

The most surpr is ing r e s u l t  w a s  t h e  r a t h e r  good agree- 

ment w i t h  experiment. 

a spin s u s c e p t i b i l i t y  of Wiirster's Blue Perchlorate as a 

function of temperature, a long-standing problem (2), which 

now appears t o  have found its solut ion.  Also i n  t a b l e  I 

we give the r e s u l t s  fo r  a number of equally good f i t s  of t he  

spin s u s c e p t i b i l i t y  of a number of  h a l f - f i l l e d  TCNQ-salts. 

The decrease i n  t with the  increase of the  ion ic  radius  of 

the counter-ion is c l e a r l y  observed. 

probably derives from the  increase i n  the  p o l a r i z a b i l i t y  of 

t he  counter ions.  

In  f ig .  2 w e  give a f i t  obtained f o r  

0 
The decrease i n  U 

TMPD C104 

NaTCNQ 

K TCNQ 

R b  TCNQ(I1)  

CS TCNQ 

Rb T C N Q ( 1 )  

TABLE I. F i t t e d  parameters f o r  some h a l f - f i l l e d  band systems. 

(OK) 0 
U / t o  CRo U(eW t o ( e V )  Tc( K) Tc 

40.0 9.0 1.00 0.025 190 196 

# XP 

6.0 6.5 2.27 0.38 305 345 

6.0 6.6 1.72 0.29 367 396 

4.0 6.0 1.08 0.27 238 220 

4.0 6.0 0.88 0.21 195 217 

3.0 5.8 0.76 0.25 282 310 

Another problem with the h a l f - f i l l e d  bands has been 

the strong increase of t he  long-wavelength charge-transfer 

absorption (3). Our calculat ions show t h a t  t h i s  i s  

e n t i r e l y  due t o  the increase of t he  t r ans fe r  In t eg ra l  

between the dimers upon dimerization. Figure 3 shows a 

canparison between experiment and calculat ion.  The s t rong 
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100 200 300 

F I G U R E  2 .  Calculated and experimental spin-suscept ibi l i ty  

of Wdrster's B l u e  Perchlorate as a function of temperature. 

The parameters used f o r  the fit a r e  given i n  the t e x t  and 

U / t o  = 6 .  

increase i n  the I-R absorption of symmetrical molecular 

v ib ra t iona l  modes; as observed by Pec i l e  and co-workers (4 )  

for  instance i n  K chlorani l  can be calculated a s  w e l l .  + 
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50 100 150 200 
T I O K I  

FIGURE 3 .  Comparison of the calculated and experimental 

strength of t h e  charge-transfer absorption i n  Wiirster's 

Blue Perchlorate a s  a function of temperature. The 

parameters used were the same as used i n  f i g .  1 f o r  the spin- 

suscep t ib i l i t y .  

Final ly ,  a magnetic f i e l d  can be introduced i n t o  the 

calculation. Then, i n  addi t ion t o  the usual 2k -phase, a 

(2k 

recently reported by Bloch e t  a l .  ( 5 ) .  

F 
t kF) phase i s  obtained, similar t o  the new phases F 

I t  can be concluded that,  surpr is ingly enough, 

calculat ions with the Hubbard Model with an exponentially 

varying t r ans fe r  i n t e g r a l  on s m a l l  r i n g s  y i e l d  r e s u l t s  t h a t  

favorably compare with experiment f o r  reasonable values of t he  

parameters used. To inves t iga t e  the  e f f e c t s  of enlarging 

the ring.we are present ly  endeavoring t o  ca l cu la t e  the 

behavior of e igh t  si tes with four e lectrons.  
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